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Abstract 

The generalization of the n-dimensional cube, an n-dimensional chain, the 
exterior derivative and the integral of a differential n-form on it are intro- 
duced and investigated. The analogue of Stokes theorem for the differential 
space is given. 
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1 Introduction 

This article is the fifth of the series of papers concerning integration of differential 
forms and densities on differential spaces. We describe our generalization of the 
theory of integration of smooth skew- symmetric forms on cubes and chains. 

In Section 2 we present definition and properties of so called point differential 
forms on differential spaces. We prove the theorem about the local representa- 
tion of such forms (Theorem [T). Section 3 of the paper contains basic definitions 
and the description of preliminary facts concerning generalized cubes and chains. 
We define the notion of a generalized n-dimensional smooth cube on the differ- 
ential space (M,C), the notion of a smooth n-dimensional chain of generalized 
smooth cubes on (M, C) and the integral of a smooth point n-form on a smooth 
n-dimensional chain. In Section 4 we prove the existence of integrals for a wide 
class of smooth chains and skew-symmetric forms. To formulate this results we 
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introduce the classes of cubes, chains and point forms smoothly extendable with 
respect to the family Q of generators of a differential structure C on a set M. At the 
end of the paper we give an analogue of Stokes theorem in the case of smoothly 
extendable forms and chains (Theorem ID . To do that we introduce the boundary 
of generalized n-dimensional chain (Definition [T31. 

Without any other explanation we use the following symbols: N - the set of 
natural numbers; Q - the set of rational numbers; R - the set of reals. 

2 Point forms 

Let (M, C) be a differential space and let TM = \_\ meM T m M be the space tangent 
to (M, C) (the disjoint union of point tangent spaces). Let tt : TM — > M be the 
natural projection, i.e. ir(v) = m for any v G T m M. We endow TM with 
the differential structure TC generated by the family of function {a o tt, a G 
C} U {da, a G C}, where da : TM ->• R, da(v) = v(a) (see |ED, Definition 
2.4 and remarks after this definition). Then the map n is smooth with respect to 
differential structures C and TC. 

Definition 1. A map u : TM — > R is called a point 1-form if for any m G 
M u m = uj\r m M is an IR-linear mapping. A point 1-form to is said to be smooth 
if u G TC (see 0). 

Let us take the notation: 

T k M = {( Vl , . . . ,Vk) G TM x ... x TM : tt(^) = . . . = tt(^)}, 
r fc C = (7T<g> . . . ®TC) T u M for fc = 1, 2, . . . 
(see O, remarks after Proposition 2.2). 

Let 7Tj : T fe M — >■ TM for % = 1, . . . , k be a map given by the formula 



Definition 2. A map cj : T fc M — > R is called a pom? k-form if for any m G 
M o; m = W|T m M is a A;-linear mapping. A point fc-form w is said to be smooth if 
w G r fe C (see Q). 

Lemma 3. Let W be an open set in W" 1 , U - an open neighborhood of 
zero in W 1 and a : W x U — > "M. — a C°° -function. If for a point (w,u) = 
(wi, . . . , w m , Ui, ... , u n ) ElWxU there exist a < and b > 1 such that for any 
t G (a; b) the point (w, tu) & W x U and <j(w, tu) = ta(w, u) then 



n{vi, ■ ■ ■ 



, v k ) = V,, 



'it 



(v 1 ,...,v k )eT k M. 
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Proof. Since the map (a; b) 3 t t-t a(w, tu) = ta(w, u) G E is well defined 
and smooth on (a, b) we have 

d d sr-^ da dituA 

<r{w, u ) = ^(M w > u )\t=o = ^\ a \ w ^ tu )\t=o = ]fa\ w i °> ' & 



i=i 



" da 



Euu , . 
— : Ko)-«, 



<9^ 

1=1 



□ 

Using induction we can extend this result to the following one. 

Lemma 4. Lef W be an open set in IR m and let for any j = 1,2 ... ,k a 
set W be an open neighborhood of zero in IR nj (ni, . . . , n& G N). Suppose that 
a : WxU l X. . .xU k is a C°° -function, {w,^, ...,u k )e Wx U 1 x . . . x U k 
and there exist a < and b > 1 smc/i that for any t 1; . . . , G (a; 6) we /zave 
(iw, iiu 1 , . . . , 4?/) G x U 1 x . . . x U k and 

a(w, txu 1 , . . . , t k u k ) = tit 2 ■ ■ ■ t k a(w, u 1 , . . . , u ). 

Then 

da 

c 

□ 



a(w,u\...,u k ) = ^■■■E^T ^f( w '°'---'°KV-- u 



Theorem 1. T/'a; : T fc M — )■ K a smooth point k-form on a differential space 
(M, C) ?/zen /or any m G M ?/zere exxsf a neighborhood W m of m, a number 
n G N, functions a 1} . . . ,a n G C andfor any i x , . . . ,i k G {1,2, ... ,n} a function 
^ C such that 

n 

UJ \T*W m = E [( W *i-<* O7ro7r da ii®---® dc ^J|T k W m . C 1 ) 
*i — *fc=l 

where T k W m = |J T^W m , n : TM — >■ M ij ?/ze natural projection and : 

pew m 

T k M — )■ TM w described after Definition 1. 

Remark 5. Taking into account that functions oj^...^ and atj depend only on 
p G W m we will abbreviate formula (0) writing 

n 

u = 22 u ii-i k da h ® • • • ® ^«i fe on W m . (2) 
»i — *fc=i 
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Proof of the theorem. It follows from the definition of the differential structure 
r k C (see [2]) that there exist: a neighborhood V of the point (0 m , . . . , m ) £ 
T^M in T fc M (where m is the neutral element of the vector space T m ), functions 
ft, . . . , (3° no , . . . , Pi P l nk £ C and a function a £ C°°(R"), where 

n = n + ni + . . . + n k , such that for any (vi, . . . ,v k ) E V 

u)(vi, ...,v k ) = 

aiP'Mvi)), ■ ■ ■>fil {<vi)),dft(vi), ■ ■ ■ MM, ■ ■ -,dPt(vk), ■ ■ ■ ,dft h (vk))- 

Reducing V, if necessary, we can assume that V = f3~ l {U Q x U 1 x . . . x U k ), 
where p : T k M — > W l is given by the formula 

P(V!, ...,Vk) = 

(P°Mvi)), ■ ■ ■ , PnMvi)), dPl( Vl ), . . . , dplM, . . .,dP*(v k ),...,dPZ k (v k )), 

(v h ...,v k )eT k M 

and l/i C M. n * is an open n 3 -dimensional interval (cube) for j — 0, 1, . . . , k (see 
JD, Stwierdzenie 2.7 or [8|). Note that if (t 1 , . . . , t k ) £ R k and (v x , . . . , v k ) £ V 
fulfill the condition 

(hdpKv,), hdp^, . . . , t k d(3 k , ...,dp k k )eU 1 x...xU k 

then 

(t 1 v\t 2 v 2 ,...,t k v k ) £ V. 

Taking W := (vr o 7n)(y), w := /?°(7r(^)) := (^(tt^)), . . . , ^(tt^)) 
and m j ' := (dp{(vj), . . . , dp{.( v j)) e for J = 1, • • • , & we obtain that the 
sets W, U 1 , . . . , the point (w, u 1 , . . . , and the map a fulfill conditions of 
LemmaHl By the thesis of this lemma 

"1 n k Qk a 

u( Vl , . . . , v k ) = J2 ■ ■ ■ E ^ — r ' °' ■ ■ ■ ' T#>i) • • ■ dPiivk) 

ii=i j'*=i ii" ' ih 

n\ n k „ fc 

= E---E ^i a ^ faN)." q)4«-«<k ^ 

(3) 

Note that the function T k M 3 (v u . . . , v k ) ^ Qv f^ (/3°(7r(^i))> 0, . . . , o) £ 

R belongs to C. Putting a, := Pf for z = 1, 2, . . . , n , a no+ni+ ... + „ i+i := for 
/ = 0, 1, . . . , k - 1 and i = 1, . . .,n l+1 , n := n + n x + . . . + n k , ^...^(g) := 
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d k cr 



du 1 ...du k 



(/3°(g),0, . . . , o) if da h ® . . . ® da ifc = ® • • • ® d(5 k k (q G W) and 

u)i 1 ...i n {q) '■— if da^ ® . . . <g) da^ does not appear in ©, we obtain that CD is 
true if we change T k W m onto V". Hence, by /c-linearity of u, it follows that (QQ) 
holds for T k W m , where W OT = W. □ 
For any smooth map F of a differential space (M, C) into a differential space 
(N, V) (we denote it writing F : (M, C) — > (N, V)) and any smooth A;-form u on 
(N, V) one can define the smooth /c-form F*w by the formula: 

(F*u)(y lt ...,v k ) = u(TFv 1 ,...,TFv k ), {v u . . . , v k ) G T k M, 

where the tangent map TF : TM — > TN is defined as follows 

{TFv)(f) = v(foF), v G TM, feV. 

Note that for any m G M the map TF\ TmM is linear. 

Proposition 1. If we denote F = (a , . . . , a n ) : W m — > W 1 in the proof of 
Theorem[T}then the equality (|2|) can be written in the form 

u\w m = (F*T])\ Wm 

(here we consider u as a section of the k-power of cotangent bundle on M), where 

n 

1] = r lii...i k du il ® • ■ ■ (g) du ik is the smooth k-linear form on IR n given as 

ii...ifc=l 

follows 

d k o~ 

Vii...i k (u) = o ~ • • .,«nojOj • • • )0) 

C^no+ii • • ■ C' w no+ni+...+n fc _ 1 +i fc 

ifda^ <g> . . . ® <ia ifc = g) • • • <g> /or some 1 < ji < ni, . . . , 1 < jk < 
and 

Vh...i k ( u ) = 

in other cases. 



v G T q M 



Proof. It follows from the fact that for any n < i < n, any q G W m and any 

F*dui(v) = (TFv)(ui) = v(u{ o F) — v(oti) = doti{v). 

□ 

Remark 6. It is easy to see that if Q is an arbitrary family of generators of 
the differential structure C then in the formulation of Theorem [7] and Proposition 
\T\we can put Q instead of C preserving only the condition: w% x ...% k G C. For the 
definition and basic properties of a set of generators of a differential structure see 

SB, EH, S2V or m 
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In the following part of the paper we will be interested only in skew- symmetric 
/c-forms. In this case equalities (OQ) and © take the form 

u = 2j ^i 1 ...i k da il A ... A da ik on W m . (4) 

l<il<. ..<i^<n 

3 Definition of the integral on generalized cubes and 
chains 

Definition 7. The Cartesian product [0, 1]" of n unit intervals is called the 
standard n- dimensional interval. A continuous mapping 9? : [0, l] n — > A is said 
to be n-dimensional cube in a topological space A. If (M, C) is a differential 
space, then the cube <p : [0, l] n -»■ M is smoo^ when 9? : ([0, l] n , C°°([0, l] n )) ->• 
(M, C), i.e. (/? is a smooth mapping on the differential space ([0, 1]™, C°°([0, l] n )) 
into the differential space (M, C). The integral of a smooth point n-form a; (on 
M) on a smooth cube is defined as the number 

/ u := / 

</ip </[o,i] n 

where is the pullback of the form u onto the interval [0, l] n . 

Example 1. Let M = Q be the set of rational numbers and C := C°°(R)q. 
Then for any number n £ N only constant functions are n-dimensional cubes in 
M. If is a constant cube (of any dimension) and to is a point form on Q (the 
same dimension), than (p*u = 0. So we have u = 0. □ 

It follows from the example above that the standard integration theory might 
be trivial on some differential spaces. In fact, on the space (Q, C qo (R)q) there 
are non trivial point 1 -forms, such as to = d(ido), but all integrals of such forms 
vanish. We would like to generalize integration theory in a way, which enables us 
to omit this inconvenience. We have to give the generalization of n-dimensional 
cubes and chains. In order to do this we will use the theory of completions and 
compactifications of a differential space described in [2]. At first we will extend 
smooth functions. 

Let (M, C) be a differential space such that M is Hausdorff space and C is 
generated by the family of functions Q, which defines uniform structure Ug on M 
(see [2J). Any function f E C which is uniform with respect to Ug and standard 
uniform structure on K can be extended in the univocal way to the continuous 
function on the completion complgM of the uniform space (M,Ug). In particular 
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any function g G Q can be extended to the continuous function g on complgM. 
The localization of the differential structure complgC generated by the family 
g = {g : complgM — )> IR : g G to the set M is equal to C. If g = C, then 
any function a G C can be extended to 5 G compl c C on the maximal differential 
completion complcM. 

Definition 8. A generalized n-dimensional smooth cube on the differential 
space (M,C) is any smooth mapping ip : (D,C°°(R n ) D ) ->■ (M,C) defined on 
the set £> dense in [0; 1]". 

If is such a set of the generators of the structure C, that <p is uniform with 
respect to uniform structure Ug on M (and standard uniform structure on D), then 
y can be extended to n-dimensional cube : [0; 1]™ — > complgM (not necessarily 
smooth with respect to complgC). 

Example 2. Let M be the set of all square roots of rational numbers belonging 
to the interval (0; 1). A mapping 

(p(x) = Vx; ie(0;l)nQ, 

is a generalized smooth 1 -dimensional cube in the space (M, C°°(M) M ) and it is 
uniform with respect to the uniform structure Ug defined by g = {id M }- But its 
extension (p : [0; 1] — > complgM = [0; 1], 

(p(x) = y/x, x G [0; 1], 

is not smooth with respect to complgC = C°°([0; 1]). □ 

If (p : D — t> M is a generalized n-dimensional smooth cube on the differential 
space (M, C), and u is a smooth point n-form on M, then the pullback ip*u is a 
smooth point n-form on D. That form is represented by the formula: 

[<p*u](t) = uotydt 1 A ... A dt n , t= (t\...,t n ) G D, 

where cj is a smooth function on D. If the function uj q could be extended to a 
continuous function u : [0, 1]™ — > R (the function ujq is given univocally because 
D is a dense set in [0, l] n ), then we call the form 

(p*ou := uodt 1 A ... A dt n 

the continuous extension of (p*u on the cube [0, l] n . In that case we can define the 
integral. 
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Definition 9. Let u be a smooth point n-form on the differential space (M,C). 
The integral of u> on the generalized n-dimensional smooth cube cp : D — > M is 
the number 



where tp*co is the continuous extension of n-form (p*co on the cube [0, l] n (if the 
extension exists). 

Similarly as in the case of differential manifolds, we can treat the integral of 
the smooth point form on the generalized n-dimensional cube ip as a value of 
the mapping given on the set of such generalized smooth cubes, that the integral 
exists. We can extend that mapping on the set of n-dimensional chains on the 
differential space (M,C). 

Definition 10. Let Cube n (M, C) be the set of all n-dimensional smooth gen- 
eralized cubes on a differential space (M,C). A smooth n-dimensional chain on 
(M,C) is any function $ : Cube n (M,C) — > R such that its values are different 
from zero on at most finite subset of a set Cube n (M, C). We denote the set of all 
smooth n-dimensional chains on (M, C) by Ch n (M, C). 

The set Ch n {M 1 C) has the natural structure of a vector space over E, as a set 
of real-valued functions on Cube n (M,C). "Zero chain" is the function equal to 
zero at each cube. We identify any element (p of a set Cube n (M, C) with a chain 
$ G Ch n (M, C) such that $(<p) = 1 and = for ip G Cube n {M, C) \ {ip}. 
We denote that chain by 1 • tp. 

If $ G Ch n (M,C), then we define the support of $ as the set supp& = 
{ip G Cube n (M, C) : ^ 0}. From the definition of a chain we get that the 

set suppQ is finite. If suppQ = {<p k , . . . , y? m }, where k,m G N, k < m and 
&(<Pj) = Cj for j = k, . . . ,m, than the chain $ can be represented by the formula 



if *' = E£=i w. $ " = S=™+i then $ ' + $ " = ZU c m- as- 



suming that the input of zero components into the sum © is zero and taking 

c v :=<$>{ip) we can write $ = E^c^M.c) c v¥- 

If to is a smooth n-dimensional point form on (M, C), then by Cube^(M, C) 
we denote the set of all cp G Cube n (M,C), such that there exists continuous 
extension cp*uj of the form cp*uj onto [0, l] n . Similarly, by Ch^(M, C) we denote 
the set of all chains $ = Ch n (M, C), such that C Cube%(M, C). 




m 




(5) 



j=k 
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Definition 11. The integral of a smooth point n-form uj on (M, C) on a smooth 
chain $ = YJj=i c Wj e c K( M i c ) is the number 




The mapping Ch^(M, C) 3 (->■ / a; G K is, of course, a linear functional 
on Ch%(M, C). We will call the mapping " integral of the n-form u ", too. 

4 The existence of integrals and Stokes theorem 

The problem is that the domain Ch^(M, C) of the integral depends on the form 
oj (in the case of integrals of smooth n-forms on ordinary chains on a smooth 
manifold we can integrate each smooth ri-form on each chain of class C 1 ). In 
the first part of this section we will give sufficient conditions for existence of the 
continuous or smooth extension cp*u of a point n-form p*u from the domain of 
the mapping cp to [0, l] n , where oj is a smooth point n-form and ip is a generalized 
smooth ri-dimensional cube on the differential space (M, C) . 

If D is a dense subset in [0, l] n , then the space T t D tangent to the differential 
space (D, C°°(IR n )) at the point t = (t 1 , . . . , t n ) G D is an n-dimensional vec- 
tor space which can be identified with T t IR n = W 1 . Its base consists of vectors 
5?r|i; • ■ ■ ) 5§r|t- Any mapping D 3 t h->- G TD is a smooth vector field on D 
(see B). On the other hand on TD C T[0, If = [0, l] n x W n there exists the stan- 
dard uniform structure inherited from the space [0, l] n x IR n (given by coordinates 
of the mapping TD 3 YTj=i vj w\t ^ (t 1 , . . . ,t n ,v 1 , . . . , v n ) G [0, l] n x IP) 
(see 0). We have: 

Proposition 2. Any vector field -j^ : D — > TD is an uniform mapping with 
respect to standard uniform structures on D and TD. 

Proof. Let for given e > 

- r) - r) 

u ^ dV x ^ dP l J 

j=i i=i 

G TDxTD : |t J - s J | < £ A |w j - w*| < e, j = 1, 2, . . . , n}. 

A family {V r e } £e (o ;+O o) is a base of the standard uniform structure on TD, and a 
family {W e } ee (o; +O o> where 

W £ :={(t, s ) EDxD: \t j - s j \ < e, j = l,2,...,n} 
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is a base of the standard uniform structure on D. It is clear that if for any j e N 

(t,s) = (t\...,t n ,s\...,s n ) G W e , than (^| t ,^j| s ) G K- So we have the 
thesis (see (3]| and JH). □ 

Proposition 3. Le? C? be a family of generators of a differential structure C on 
a set M. If tp : D — >■ M z'5 swc/z a smooth n-dimensional generalized cube on M 
that the tangent mapping Tip : TD — > TM is uniform with respect to the uniform 
structure given on TM by the family TQo, then for any function a G Q the point 
1-form ip* da smooth on TD can be extended to the 1-form tp*da continuous on 
[0,1]". 

Proof. The form ip*da is represented by the formula 

< P *da = ± d{a °J m dt\ t€D, 

i=l 

where for any i — 1, 2, . . . , n 

d{a °«\ t ) = Wia )U = Mml\ t )). 



Q t i \ > ^ > Q t i^ v rv ^i 

_d_ 



Since the mapping Tip is uniform on TD, the vector field -j^ is a uniform mapping 
with respect to D in T.D, and da is one of functions of the family TQq, so is 

a uniform function on D and it can be extended to the continuous function g t ° 
on [0, l] n (see and Hi). So ip*da might be extended to the continuous 1-form 

Conclusion 1. Let the assumptions of the previous proposition be satisfied. 
Then for all a 1 , . . . ,a k G Q the point k-form <p* (da 1 A ... A da k ) can be extended 

to the k-form tp*(da 1 A ... A da k ), which is continuous on [0, l] n . 
Proof. We have: 

tp*(da l A ... A da k ) = (^da 1 ) A ... A (ip*da k ). 
So Lp*(da l A ... A da k ) could be extended to the A;-form 

<p*(da l A ... A da k ) := (tp*da l ) A ... A ((p*da k ). □ 

Proposition 4. Lef assumptions of Proposition\3\be satisfied. Let k,m G 
N, aj, . . . , a k G Q for j = 1,2, ... ,m and functions 0x, . . . , /3 m : M — > R are 
uniform with respect to the uniform structure Ug on M, then the point k-form 
V := V* (Ej=i fljda 1 A ... A day) can £e extended to the k-form fj, which is 
continuous on [0, l] n . 
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Proof. Since rj = Y^Liifij ° A ... A da]) it is enough to take 

f] = EJli(^T^) • ¥*{du) A ... A da]) (see Conclusion Q]). □ 

Proposition 5. Let r] be a smooth point k-form on a differential space (M, C), 
and Q be a family of generators of the differential structure C. Then for any p G M 
there exists a neighborhood U, a number m G N, functions a] , . . . , a] G Q for 
j = 1,2, ... ,m and functions fti, . . . , (3 m G C uniform with respect to the uniform 
structure Ug such that 

rn 

V\u = y^fii m {da))\v A ... A {daij)\u- 

3=1 

Proof. It follows from Theorem [Hand Remark [6] that there exists a neighbor- 
hood W p of p such that rj can be written in the form © on W p . Let us fix any 1-1 

map J : {1, 2, ... , fc!(n n l fc)! } -» {(ii, . . . , i k ) e N k : 1 < i x < i 2 < . . . < i* < n} 
and let J(j) = (ii(j'), . . .,i k (j))- Then putting m := fc!(w n _i fc)! , ujj := u J{j) and 
a V j := aj r (j) for any j G {1, 2, . . . , m} and 1 < r < & we obtain that 

m 

= ^^JUWpida] A ... A (daJj))\ Wp , (6) 

3=1 

where a], . . . , a] G £ for j = 1,2, ... ,m and functions a>i, . . . , u m G C (the 
number m, functions a], . . . , and o>i, . . . , oj m could depend on W p ). Recall 
now that ojj = or ojj is the superposition of the smooth map (3 G G n ° which 
takes a value in an n -dimensional interval U° and a smooth function (partial 

derivative x 9 a k ) defined on IR n ° (see proof of Theorem [Tj. Since t d a k 

au n- au 3k au h"- au n\U 

is an uniform function on U° and coefficients of f3° are uniform functions with 
respect to the uniform structure Ug on M (as members of Q) we obtain that Uj are 
uniform with respect to Ug on the set U := W p as the superposition of uniform 
mappings. The thesis follows now from ©. □ 

Theorem 2. Let rj be a smooth point k-form on a differential space (M, C), 
and Q be a family of generators of the differential structure C. Let us assume that: 

(i) there exists an open finite covering {Ui}i<=i (I — {1, . . . , q}, q G N) of the 
space M, such that for any i G / there exist a number m, G N, functions 
ajj, . . . , a^j G Q for j = 1, . . . , rrii and functions /^i, . . . , f}% >mi G C uniform 
with respect to the uniform structure Ug such that 77^ = Y^li AjV. (da} ^)\u i A 
■•• A(cfayicv 

(ii) there exist a smooth partition of unity subordinated to the covering 
{Ui}i(zi such that any function 7$, i G I, zs uniform with respect to Ug. Then for 
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any smooth n-dimensional generalized cube ip : D — >• M such that Tip is uniform 
with respect to TQo, k-form ip*rj is smooth on D and could be extended to the 
k-form ip*rj continuous on [0, l] n . 

Proof. We have n = YlieiJiV> an d V 9 * 7 ? = Yliei V 9 *(7i ? ?)- But for any i G / 
slippy C Ui so we have 

mi 

JiV = 7i ' ^d da lj A • • • A da i,j- 
3=1 

Therefore 

m,i 
3=1 

and the form could be extended on [0, l] n to the A;-form 

_ m, 

(see PropositionH]). Hence ip*r) could be extended to the A;-form 

ie/ 

If a point A;-form n and a smooth generalized n-dimensional cube i^ona dif- 
ferential space (M, C) satisfy the assumptions of Theorem|2l then there exists f rj 
(of course it is equal to zero for n ^ k). Similarly if ^ is a smooth n-dimensional 
chain on (M, C) and each cube ip £ suppty together with a point A;-form n satisfy 
the assumptions of Theorem |2] then there exists rj. 

For the further development of the theory of integration we need a generaliza- 
tion of the operation of boundary. The operation prescribes to any n-dimensional 
cube ip an (n — 1) -dimensional chain dip. It is connected with Stokes theorem and 
justifies the concept of chain. Standardly we can extend this operation to the set of 
chains. For any n-dimensional chain $ = Y^j=i c 3fj we nave ^ = YTj=i c j^j- 

To introduce the operation of boundary on generalized cubes and chains in 
differential spaces we need some new concepts. 

Definition 12. Let Q be a family of generators of a differential structure C on a 
set M. We call a smooth generalized n-dimensional cube ip : D — > M on (M, C) 
smoothly extendable with respect to Q if the tangent mapping Tip is uniform with 
respect to the uniform structure given on TM by the family TQo (see (2]) and its 
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continuous extension Tip : [0; l] n x R n — > comply g^I M is a smooth map with 
respect to differential structures C°°([0; l] n x W 1 ) and complrg Q TC respectively. 
The chain $ E Ch n (M) is smoothly extendable with respect to Q when every cube 
<p E supp& is smoothly extendable with respect to Q. The smooth point fc-form rj 
on M is said to be smoothly extendable with respect to Q if there exists a smooth 
point fc-form 77 on complgM, such that 77 = /.*(?]), where t : M — > complgM 
is the natural embedding (for a point p E M we put its filter of neighborhoods 
i{p) =T v - see [0). 

Let 7r : TM — > M be the canonical projection. Then for each set of gen- 
erators Q of the differential structure C the mapping tx is uniform with respect 
to uniform structures Urg and tig (from definitions of n and Uj-g )- More- 
over for each differential space (N, V) and each F : (N, V) — > (M, C) we 
have 7r o TF = F. So the fact that a smooth generalized n-dimensional cube 
ip : V — » M is smoothly extendable implies that ip is a uniform mapping and its 
extension <J5 : [0, l] n — > complgM is smooth, i.e. it is a smooth n-dimensional 
cube on complgM. 

Definition 13. Let ip : D — >■ M be a smooth generalized n-dimensional cube 
on a differential space (M, C), smoothly extendable with respect to some family 
of generators Q of the structure C. We define the boundary of ip with respect to Q 
as the n-dimensional smooth chain dgip on complgM given by the formula: 

n 

i=l a =0,l 

where <p(i, a ) = a )) is ^« a) -face of the cube </3, 

~^(i,0) ("^) ("^ ' " " " ' j 0, IE X ). 

(x , . . . , X ,1, x', . . . , X ) 

and ip is the smooth extension of ip on complgM. 

It is easy to see that dgip = dgip, where Q is the family of extensions of 
elements of the set Q on complgM. 

Definition 14. The boundary of a generalized n-dimensional chain $ = Y^j=i c i 
on the differential space (M, C) smoothly extendable with respect to a family of 
generators Q of the structure C we call the (n — 1) -dimensional chain: 

m 

i=i 

where {ip x , . . . , ip m } = supp§. 
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For formulating the analogue of Stokes theorem we need a mapping that will 
be an analogue of the exterior derivative. That mapping should be a generalization 
of the exterior derivative on manifolds and it should linearly maps A;-forms to 
(k + 1) -forms. It should also commute with pullback of forms. Next example 
shows that we can not give such mapping uniquely even on smooth extendable 
forms. 

Example 3. Let M = {(x, y) eM 2 :xy = 0}, and C = C°°(M 2 )m- Then the 
zero 1-form on (M, C) could be extended to the zero 1-form on IR 2 and to the form 
rj = xdy — ydy. We have: dr] = 2dx A dy. Moreover if by i : M — >■ M 2 we denote 
the natural embedding, then l* (dx A dy) = dx A dy 0, because dx A dy\x M 7^ 0, 
while l*(0) = 0. □ 

If Q is a family of bounded generators of a differential structure C on a set M 
(we can assume that if g G Q, then \g\ < 1), then the completion complgM is a 
differential compactification comptgM (see 0). 

Proposition 6. Let the previous assumption for Q be satisfied. Then any point 
k-form r\ that is smoothly extendable with respect to Q can be extended to a smooth 
k-form rji on [—1, l] g . 

Proof. Let fj be such a smooth point A;-form on complgM that r) = i*fj, where 
i is the natural embedding M into complgM. Let Q be the set of all continuous 
extensions of elements of Q onto complgM. Since Q is a family of generators of 
the differential structure complgC = C°°([— 1; l} g ) C om V i g M we can choose for any 
p E complgM a neighborhood W p such that © holds for the form f] and for some 
aij £ G- If we take a set V p open in [—1; l] s and such that W p = complgM fl V p 
then the same formula defines the point k- form fj p on V p . But the space complgM 
is compact and therefore there exists ti£N and pi,...,p n G complgM such that 

n 

complgM C U V Pj . Putting V := [-1; l] e \ complgM, V j := V P] and ^ := ^ 

for j = 1, . . . , n we obtain the open finite covering {Vo, Vi, . . . , V n } of [—1; l] g . 
Let {7o, 7x, . . . , 7 n } be a smooth partition of unity subordinated to the covering. 
Than any jjfjj, j = 1, . . . , n, can be in a standard manner extend to [— 1; l] g 

n 

(we take (7 3 -%)i[_i-i]ffuy'. = 0). Taking ^ := JjVj we obtain the A;-form on 

3=1 

[—1; l] e which fulfils the conditions of the proposition. □ 

On the differential space ([-1, 1] G , C°°([-l, l] e )) there is the well definite 
operator of exterior derivative d which assigns to any smooth point /c-form u the 
smooth (k + l)-form du given by the formula 

fc+i 

(du>)(y u v k+l ) = J2(-^' t+1 M^(Xi, Y, X k+1 ))(p)+ 

8=1 
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+ ...J^(-l) i+ ^([X i ,X j ],X 1 ,...,X i ,...,X j ,...,X k+1 )(p), (7) 

i<j 

where v±, . . . , v^+i G T p ([— 1, Xi, . . . , X& + i are vector fields on [—1, l] g , 
such that Xj(p) = Vj for j = 1, 2, . . . , n (such a vector fields exist on a space 
which is a Cartesian product of intervals; we can take X, = const = Vj G 
T[-l; 1} G = R G - see ID, GO, or O) and " A " means that the variable dis- 
appears in that expression. 

For any smooth mapping F : [0; 1]™ — > [—1, l] g and any smooth point k- 
form uj smoothly extendable with respect to Q operator d fulfils the equality: 
di(F*x) = F*dx, where on the left hand side there is "the classical" operator 
di of the exterior derivative on [0; It is the result of ©, definitions and prop- 
erties of vector fields. Now we can get the analogue of Stokes theorem. 

Theorem 3. If a smooth point k-form n and a smooth generalized n- dimensional 
chain $ are smoothly extendable with respect to a family Q of bounded generators 
of a differential structure C on a set M, then 

[ V= I dfj, (8) 

Jdg^ J<S> 

where fj is an arbitrary smooth extension of the k-form n on the differential space 
([— 1; l] g , C°°([— 1; l] g )) and d is the operator of exterior derivative given by 0. 



Proof. It is enough to show equality ([8]) for any n-dimensional cube tp on 
(M, C) smoothly extendable with respect to Q. We have 



r] = (p*w = / ip*fj = / di(ip*fj) = / (p*dfj = j dfj 

dg<p Jd([0;l]«) Jd([0;l] n ) J[0;l] n J [0;l] n J tp 



where d\ is the operator of exterior derivative on [0; 1]" and (p is the extension of 

(^on[0;l] n . □ 
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